Under a nonparallel illumination condition, fringe patterns projected on an object have unequal fringe spacing that would introduce a nonlinear carrier phase component. This Letter describes a nonlinear carrier removal technique based on a least-squares approach. In contrast with conventional methods, the proposed algorithm would not magnify phase measurement uncertainty, nor does it require direct estimation of system geometrical parameters. The theoretical expression of the carrier phase function on the reference is derived and expanded in a power series. The unknown coefficients in the series are determined by a leastsquares method. By subtracting the calculated carrier phase function from the unwrapped phase map, the phase distribution of the object profile is obtained.
In the fringe projection technique, 1 an object shape is evaluated through a phase distribution extracted from projected fringe patterns. 2, 3 In a parallel illumination setup, the projected fringes maintain equal spacing on a reference plane and would introduce a linear carrier phase component that can be determined by a plane-fitting scheme. However, the general form of illumination is nonparallel (divergent for large objects and convergent for small objects), and even if an object is of suitable size, the adjustment of parallel illumination relies on subjective human intervention, which tends to produce errors. In these situations, fringe spacing is not constant and a nonlinear carrier would be introduced. Srinivasan et al. 4 proposed a phase-mapping approach to remove the nonlinear carrier. A point on the object is mapped with a point on the reference with an identical phase value, and the position difference indicates the object height. However, the phase measurement uncertainty is magnified in the mapping process. Salas et al. 5 described a minimization process to retrieve up to seven system geometrical parameters for carrier removal. Due to a large number of unknowns, manual intervention is needed to direct the algorithm. Pavageau et al., 6 instead of estimating all the parameters, calculated three and measured the rest. Nevertheless, the measurement error would reduce the overall accuracy.
In this Letter, we present an alternative approach to nonlinear carrier removal. The derivation is based on divergent illumination geometry, but the basic idea proposed could be generally applicable to nonparallel illumination conditions. Figure 1 shows the geometry of the measurement system. The camera is set at a normal view. Grating AB is divergently projected onto a reference plane CG. Lines CA and GB intersect at point O, which has a distance h from the reference plane. An arbitrary light beam OE within the projection region strikes the reference at an angle , which is a function of x given by
where x is the distance between C and E and d is the distance from C to H. To express the fringe pitch on the reference plane as a function of x, lines CD and EF are constructed parallel to AB. The distances from O to AB and to CD are defined as l 1 and l 2 , respectively. The fringe pitch in EF, P EF , is uniform and can be expressed as
where P AB denotes the pitch of the grating and ␣ is the angle formed by the grating and the reference plane. The pitch at point E on the reference plane, P͑x͒, is related to P EF and :
This relationship is seen in the vicinity of E ( Fig. 1) , where can be considered as constant. A pitch width t projected onto the reference plane becomes t / cos , and hence Eq. (3) is obtained. Based on Eqs. (1)- (3), P͑x͒ can be written as
It is seen that l 1 , l 2 , ␣, P AB , h, and d are geometrical parameters independent from x. As P͑x͒ is obtained, it is possible to write an expression for the carrier phase function on the reference plane:
where r ͑x͒ contains only the carrier phase information and u is a dummy variable for integration. It is not easy to solve the integration, and even if it can be done, one may find that it is difficult to determine the unknown geometrical parameters. The basic idea of our approach is that, instead of using a rigorous expression of r ͑x͒, we use a power series expansion of r ͑x͒, and instead of directly solving geometrical parameters, we determine unknown coefficients in the power series. Note that the terms in the integration carry the form of a binomial. A binomial function is an analytic function, and any analytic function can be expanded as a power series in its convergence range. Therefore, the two terms can be expanded as
͑7͒
where p n and q n are unknown coefficients. As the values of p n and q n are not of specific interest, the product of the terms can also be written as a series, which remains a series after integration. Hence, the carrier function in Eq. (5) can be simply expressed as
where a n is the coefficient to be determined. By comparison of Eq. (5) with Eq. (8), it can be seen that the problem of determining geometrical parameters is converted to the problem of determining coefficients in a power series. A least-squares method is used to determine a n for n =0,1, ...N, where N is a number that gives a good approximation to r ͑x͒. An error function is defined as where U denotes the domain of points on the reference plane and r,exp ͑x , y͒ refers to the experimentally obtained phase data. To fit the series to r,exp ͑x , y͒, the partial derivatives of Er with respect to a 0 , a 1 , ...a N are set to zero. This results in N +1 linear equations, which can be written in a matrix form: 
where T represents the transpose. When a 0 , a 1 , ...a N are solved, they are substituted into Eq. (8) for r ͑x , y͒, which is then subtracted from the phase map to remove the carrier.
To verify the theoretical analysis, the shape of a partial sphere (diameter 20 mm) mounted on a reference plate is measured. The measurement system is composed of a LCD projector, a CCD camera, and a computer. Phase-shifted fringe patterns loaded into the LCD projector are projected onto the specimen surface and recorded by the CCD camera. The geometrical parameters of the experimental setup need not be precisely measured; however, they should satisfy the convergence conditions in Eqs. (6) and (7). In this study, ␣ is set to 25°; d and l 2 are approximately 20 and 60 cm, respectively. The distance h is greater than 50 cm, while the distance d + x max is less than 30 cm, where x max refers to the maximum value of x in the field of view. Hence, both convergence conditions are satisfied. In fact, since h, d, x max , l 2 , and ␣ are interrelated, the convergence conditions can be qualitatively interpreted to mean that the maximum projection angle should be less than 45°. This result is readily obtainable in most fringe projection systems because, to avoid projection shadow and achieve a relatively uniform illumination intensity, the projection angle is normally less than 45°. Figure 2 (a) shows a fringe pattern projected onto the specimen with carrier fringes in the x direction. Figure 2 (b) is a 3D plot of the extracted unwrapped phase map, which contains carrier fringe-related as well as object height-related phase components. If one removes only a linear carrier by setting N to 1 in Eq. (10), a curve in the reference would be produced, as shown in Fig. 3(a) . A higher value of N would give a better approximation to the nonlinear carrier. Figure 3(b) shows improved results when N is set to 2. However, it should be noted that, up to a certain value of N, the results would not be improved any further, because subsequent improvement is smaller than the phase measurement uncertainty and the overall accuracy would remain unchanged. It is found in this study that a carrier approximation with N = 2 could provide sufficient accuracy.
In conclusion, a new approach to the nonlinear carrier removal for fringe projection profilometry has been described. Based on the least-squares method, the proposed technique permits the evaluation of carrier phases with minimal error. The present work has introduced the idea of simplifying a complicated carrier function through a power series expansion. This approach makes the determination of geometrical parameters unnecessary and suggests prospective solutions to more complicated problems such as 2D nonlinear carrier removal.
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